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Given the important role that the galaxy bispectrum has recently acquired in cosmology and the scale and
precision of forthcoming galaxy clustering observations, it is timely to derive the full expression of the
large-scale bispectrum going beyond approximated treatments which neglect integrated terms or higher-
order bias terms or use the Limber approximation. On cosmological scales, relativistic effects that arise
from observing the past light cone alter the observed galaxy number counts, therefore leaving their imprints
on N-point correlators at all orders. In this paper we compute for the first time the bispectrum including all
general relativistic, local and integrated, effects at second order, the tracers’ bias at second order, geometric
effects as well as the primordial non-Gaussianity contribution. This is timely considering that future
surveys will probe scales comparable to the horizon where approximations widely used currently may not




Gravitational instability drives the evolution of primor-
dial perturbations (as set out by e.g., the inflationary
process) into the large-scale structure (LSS) we observe
today. In the standard model of cosmology, gravity is
described by general relativity (GR). However, for sim-
plicity, to study and describe the formation of LSS,
different approximations are routinely used. For example,
we treat large and small scales differently and, on scales
well inside the Hubble horizon, we use several aspects of
Newtonian gravity. This small vs large-scale splitting has
provided an excellent approximation to interpret observa-
tions so far, but it may not hold for upcoming LSS surveys
that will probe scales approaching the Hubble horizon,
where the Newtonian approximation breaks down.
Moreover, observations are performed along the past light
cone, which brings in a series of local and nonlocal (i.e.
integrated along the line of sight) corrections, usually called
GR projection effects (hereafter they will be abbreviated as
GR effects or corrections), which are not included in the
“standard” treatment, where only the local distortion of the
radial pattern of the galaxy distribution due to peculiar
velocities is considered and the flat-sky limit is assumed
(for example see [1,2]).1
Forthcoming and future surveys will probe very large
scales, comparable to the horizon size, where GR effects
may not be neglected. Large survey volumes also imply
very small statistical errors, enabling high-precision mea-
surements of large-scale structure clustering. Such preci-
sion must be matched by high accuracy; hence accurate
theoretical modeling is required to correctly interpret the
measured clustering signal. For this reason, the study of
these GR effects on first-order statistics of large scale
structure (e.g., the galaxy power spectrum or the two-point
correlation function) has received significant attention in
recent years, see e.g. [9–34], but also the pioneering work
of [35]. These GR corrections can be implemented in mock
galaxy catalogs using the technique recently developed in
1In this paper we do not consider “standard” the magnification
due to gravitational lensing which modifies the observed number
counts in flux-limited samples (for example, see [3–7]) at linear
order, and [8] for weak lensing effects on the galaxy three-point
correlation function.
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[36] (see also [37]), while N-body simulations that include
dynamical space-time variables in the weak-field approxi-
mation have been studied in [38–42], and full numerical
relativity simulations have been developed in [43–45].
It is important to note that, for an accurate modeling of
first-order statistics, calculations in LSS beyond linear
order are needed. Recently the second-order GR effects
have been derived [46–55] and include contributions such
as lensing, gravitational Sachs-Wolfe (SW) and integrated
Sachs-Wolfe (ISW) effects, primordial non-Gaussianity
and bias (see e.g. [8,56–65], the recent review [66] and
references therein). It is interesting to note that, while for
cosmic microwave background studies the second-
order evolution of perturbations in GR has a longer history
[67–76]; only recently LSS observations are reaching a
comparable level of accuracy to warrant generalisation of
the treatment beyond linear order.
Besides the first-order statistics, higher-order statistics
encode highly complementary information, which, while at
possibly lower signal-to-noise ratios compared to the power
spectrum, is nevertheless of crucial importance. In particu-
lar, the bispectrum can offer a direct handle on galaxy bias
[56,59,66,77–80] and on primordial non-Gaussianity [57–
59,61,64,65,81–84], as well as helping to break other
degeneracies among cosmological parameters [85]. The
expression of the bispectrum at tree level using the
Newtonian approximation has been known for a while
(see for example [86]) and subsequent improvements have
been developed by [87–94], always within the Newtonian
framework (see also [95–97]).
Until very recently, any modeling of the galaxy bispec-
trum has relied on small-scales approximations, neglecting
relativistic effects and radial correlations, given that LSS
precise measurements were available only on relatively
small scales. However, galaxy surveys are now at the point
in which measurements of LSS are becoming extremely
precise, and will be available on very large scales, therefore
reaching the regime in which, as said above, a proper GR
treatment is necessary and approximations such as the
plane-parallel one fail. Hence, it is timely to have a full
expression of the galaxy bispectrum in GR, avoiding
approximations that are, in principle, inaccurate for corre-
lations on very large scales. To this aim GR, bias and light-
cone effects must be computed beyond linear order, at least
to second order in the perturbations [52,54,55,63].
Various investigations on modeling the bispectrum
including GR effects on large scales have been made
recently. In particular, [49,50,52,53] compute the three-
point correlation function in configuration space, including
only some projection terms, but not the bias and relativistic
perturbation solutions at second order (i.e. results obtained
in [70,71,98–101]); Refs. [54,55] analyzed the bispectrum
in Fourier space including some bias terms but not nonlocal
integrated terms (which [52,53] showed can be dominant
for long radial correlations). In addition, the flat-sky limit is
assumed even at very large scales, where this approxima-
tion has been shown to fail for the two-point correlation
case [15,33,102–105]. Of all the possible GR effects, it is
well known that, at least on first order statistics, magni-
fication bias and wide angle corrections are the dominant
ones [18,23,25,36,105]. These are also expected to be
important for higher-order statistics, but other contributions
may turn out to be comparable; a full numerical inves-
tigation for different surveys is needed in order to have
more details on this. Given all these considerations, we
extend previous works and derive, for the first time, the full
wide-angle GR second-order expression of the bispectrum,
i.e. including second-order bias, non-Gaussianity, veloc-
ities, Sachs-Wolfe, integrated Sachs-Wolfe and time-delay
terms and lensing distortions from convergence and shear.
This work builds on Refs. [46,47,50] where SWand lensing
contributions to the second-order matter overdensity are
presented. We envision that the resulting full expression of
the bispectrum will be important for accurate estimations of
primordial non-Gaussianity and cosmological parameters,
taking into account all effects at very large scales, therefore
fully exploiting the ultra-large-scale correlations that will
be measured for the first time in the next decade. It will also
provide an additional precise test of Einstein GR on those
very large scales. Beside the effects we consider here, if the
probability of observing a galaxy depends on its ellipticity,
there is a selection effect beyond magnification, which is
affected by shear and intrinsic alignment (see, for example,
[106,107]). Here for simplicity we are not considering this
orientation-dependent selection effect which will produce
new terms both at first and second order that depend on the
large-scale tidal field. The inclusion of this effect is left to
future work.
We improve upon previous works in the literature in the
sense that for the first time we write down the full
expression in Fourier space, and we do so using what
we call the “spherical-Bessel” formalism, which was first
developed by [108] and, subsequently, in redshift space by
[109] for the two-point correlation function. (Let us point
out another interesting approach studied in [110,111],
where they compute bispectra with total-angular-momen-
tum waves.) The expressions are inevitably lengthy and
involved but whenever possible we give a physical insight
on their meaning and we summarize schematically the
structure of the full expression in Sec. II. The expressions
provided here will not be directly relevant to data analyses;
their value is in providing a starting point to devise useful
approximations, and a quantitative evaluation of the differ-
ent contributions. The next natural step is to derive a more
compact expression including the dominant terms, for
different geometrical configurations (shapes), which will
be presented elsewhere.
The rest of the paper is organized as follows. We begin
by presenting the second-order number counts on the light
cone in Sec. III. This is a key ingredient in the expression
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for the bispectrum which we present in Sec. IV, which
expression depends on several kernels that are written down
explicitly in Sec. V for the first order, and Sec. VI at second
order. The second-order bias is derived in Sec. VII. We
conclude in Sec. VIII. The appendices report useful
relations and expressions needed to follow the derivation
of our main results and link our analytical expressions to
numerical codes available in the literature2 into our
expressions.
II. EXECUTIVE SUMMARY
Here we summarize in a concise way the main result of
this work, showing the main expression for the spherical-
Bessel bispectrum, including all general relativistic, local
and integrated, wide-angle and mode-coupling terms, that
we call S3ðfklmg1; fklmg2; fklmg3), where fklmgi ¼
ðki;li; miÞ for i ¼ 1, 2, 3. We write the galaxy bispectrum
using the spherical-Bessel formalism first proposed by
[108] and, subsequently, in redshift space by [109] (see also
[113]) for the two-point correlation function, and then by
[114] for the three-point statistics. The same formalism (for
the power spectrum) has been applied to real data in [115]
and extended to include GR effects in [17]. [See also
Ref. [116] where they discuss the limit of various approx-
imations (e.g. flat-sky, limber) which are applied to the
lensing signal.] Here we generalize this formalism to
include all wide-angle and relativistic terms, and write
down the full expression of the galaxy bispectrum, without
any approximations besides second-order perturbative
expansion in the perturbations and the bias and without
neglecting any contributions (apart from vector and tensor
perturbations). In this section we report the general
expression for S3ðfklmg1; fklmg2; fklmg3Þ, and in the
rest of the paper we show its derivation and the explicit















where Δg is the observed galaxy fractional number over-
density (for further details, see Sec. III) and contains the
contributions of all the local and integrated terms including
bias, and the indexes t, u, v indicate the order, so that in the
right-hand side two of them will be 1 and one will be 2,
cyclically. To be precise S3 is actually the spherical 3-point
correlation function of Fourier-space galaxy overdensity
(but, for simplicity, we will refer to it as the bispectrum); in
the same way as for the power spectrum, the correlation of
the field δ in Fourier space hδðk1Þδðk2Þi is related to
the power spectrum PðkÞ via a Dirac delta function
hδðk1Þδðk2Þi ∝ Pðk1ÞδDðk1 þ k2Þ.
As an example, let us consider below only the first
additive term of Eq. (1), where t ¼ 2 u, v ¼ 1 (the other
terms will be just permutations of this). Since each ΔgðtÞlm ðkÞ
is a sum of several components, it will be a sum of several
contributions which we indicate by the running indices a,
b, c. Each of these indices will model the effect of all the
physical quantities we consider:
Δg ¼ Δδ þ Δrsd þ Δv þ ΔL þ Δpot; ð2Þ
where δ refers to the matter overdensity (intrinsic cluster-
ing), “rsd” and “v” are velocity [peculiar velocities (RSD)
and doppler] terms, L contains lensing terms and “pot”
gravitational potentials (ISW and STD). Each of these
quantities enter (alternatively) at the first and second order.
Within our formalism, in this specific example, the index a
is associated with a second-order quantity and refers to the
terms expanded in Eq. (39), while the indices b, c are
associated with first-order quantities and refer to the terms









¼ 2ϒabcl1m1l2m2l3m3ðk1; k2; k3Þ: ð3Þ
Explicitly (for derivation details, see Sec. IV C and
Appendix D) the bispectrum building blocks
ϒabcl1m1l2m2l3m3 are functions that contain all of the informa-























Here we have used the Gaunt integral
2In Appendix 2 b, we give a possible prescription on how to
insert the numerical outputs obtained in SONG [112].
















The spherical multipole functionsM contain all the contributions (at first—indicated by superscript (1)—and second—
superscript (2)—order) for the density, velocity, lensing and gravitational potentials, and their combinations; their explicit
expressions will be presented below. Here PΦðkÞ is the primordial linear power spectrum of the Bardeen gravitational
potential; it will be clear below why it is advantageous to express the second-order GR bispectrum for number counts in
terms of a primordial quantity, but we will anticipate it briefly here. The primordial linear Bardeen potential is the only
relevant spatial field that has no gauge issue, that—by construction—remains invariant in time, is statistically homogeneous
and isotropic and thus for which it makes sense to perform a three-dimensional Fourier transform. In fact, for any quantity
that evolves along the line of sight or may be affected by projection effects such as lensing or ISW, or for which the flat-sky
approximation does not hold, there is no unambiguous three-dimensional Fourier transform.
It is also useful to provide a relation between the spherical Bessel bispectrum S and the bispectrum in Fourier angular
space, Bl1l2l3ðk1; k2; k3Þ:





Bl1l2l3ðk1; k2; k3Þ; ð6Þ












Bl1l2l3ðk1; k2; k3Þ; ð7Þ
after resumming over3 fl1m1;l2m2;l3m3g. Here and hereafter kˆ denotes the angular position on the unit sphere of the
corresponding unit vector.




the Wigner 3-j symbols. In our case, the bispectrum in Fourier angular space is written as








































ðk1; q2; q3Þ ¼Mað2Þl1m1lp1mp1lq1mq1l¯1m¯1ðk1; q2; q3Þ.
Thus all local and integrated effects due to, for example, the bias (see Sec. VII), lensing, SW, gravitational evolution,
non-Gaussianity etc. are enclosed in the spherical multipole functions M. [Precisely, the generating functions are in
Eqs. (89)–(94), (100)–(128), (143)–(145), (152)–(165), (176)–(182), (184)–(185), (188), (201)–(226), (246), (249),
(F13)–(F14) and (F16).]
3The denominator of the first term in Eq. (7) reads ℵlðk1Þℵlðk2Þℵlðk3Þ [see Eqs (71) and (80)], with the coefficients being
ℵl ¼ kð2=πÞ1=2 in the formalism of [17,114], while they become ℵlðkÞ ¼ 4πil in the total angular momentum formalism of [110,111]
(for details, see Appendix B).
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The rest of the paper is devoted to compute the full
expression of these functions (see Secs. V and VI), their
interplay in the calculation and some subtle cancellations of
the bispectrum building blocks ϒ, see Appendix D. Finally,
in Sec. VII, we explicitly show how to include the second-
order galaxy bias in the expression for the overdensity (this
is also a contribution to the functionsM). Throughout the
paper we assume the following conventions: units,
c ¼ G ¼ 1; signature ð−;þ;þ;þÞ; Greek indices run over
0,1,2,3, and Latin ones over 1,2,3.
III. SECOND-ORDER NUMBER COUNTS
ON THE LIGHT CONE
In this section we start presenting all GR effects that have
been computed previously by4 [50]. We begin by assuming
a concordance background model, and at first order we
neglect anisotropic stress, vector and tensor perturbations.
In the Poisson gauge, the metric and peculiar velocity
expanded to second order are [70]
ds2 ¼ aðηÞ2

−ð1þ 2ΦþΦð2ÞÞdη2 þ 2ωð2Þi dηdxi
þ
	









vi ¼ ∂ivþ 1
2
við2Þ; við2Þ ¼ ∂ivð2Þ þ vˆið2Þ; ð10Þ
where η is the conformal time, a is the scale-factor,
and we have omitted the superscript (1) indicating terms
of the first-order expansion on familiar quantities such as
the metric perturbation Φ, Newtonian potential Ψ and the
galaxy peculiar velocity ∂iv. Here and hereafter, second-
order terms and indicated by the superscript (2). Here ωˆðnÞi
is a solenoidal vector, i.e. ∂iωˆðnÞi ¼ 0, and hˆðnÞij the tensor
perturbation, i.e. ∂ihˆðnÞij ¼ hˆiðnÞi ¼ 0, see [70,118–123].
Redshift-space or redshift-frame is the “cosmic labora-
tory” where we probe the observations. In redshift-space
we use coordinates which effectively flatten our past light-
cone so that the photon geodesic from an observed galaxy
has the following conformal space-time coordinates
[14,47,117]:
x¯μ ¼ ðη; x¯Þ ¼ ðη0 − χ¯; χ¯ nˆÞ: ð11Þ
Here χ¯ðzÞ is the comoving distance to the observed
redshift, calculated in the background (i.e., a redshift-space
quantity), nˆ is the observed direction to the galaxy, i.e.
nˆi ¼ x¯i=χ¯ ¼ δijð∂χ¯=∂x¯jÞ. Using χ¯ as an affine parameter in
the redshift frame (at zeroth order), the total derivative
along the past light cone is d=dχ¯ ¼ −∂=∂ηþ nˆi∂=∂x¯i. In
our analysis we use only the observed redshift z rather than
the background (Hubble flow) redshift. In particular all
background quantities are not evaluated at the background,
redshift (i.e. the redshift that would have been observed for
the same source without any perturbations along the line
of sight), they are instead evaluated at the observed
redshift which include real world effects such as peculiar
velocities.
Defining xμðχÞ as the coordinates in the physical
frame [see Eq. (9)], where χ is the physical comoving
distance of the source, we can set up a mapping between
redshift space and real space (the “physical frame”) up to
second order in the following way: xμðχÞ ¼ x¯μð χ¯Þ þ
Δxμð1Þð χ¯Þ þ Δxμð2Þð χ¯Þ=2.
In this work, ⊥ denotes projection into the screen space
(with projector Pij ¼ δij − nˆinˆj), ∥ indicates projection
along the unit line-of-sight vector nˆi, and we define the
derivatives
∂∥ ¼ nj∂j;
∂i⊥ ¼ Pij∂j ¼ ∂i − ni∂∥;
∇2⊥ ¼ ∂⊥i∂i⊥ ¼ 1χ¯2△nˆ ¼ ∇
2 − ∂2∥ − 2χ¯ ∂∥: ð12Þ
Now we want to study the physical number density of
galaxies ng as a function of the physical comoving
coordinates xμ and the magnification M. In particular
we consider the cumulative physical number density
sample with a flux larger than a observed limit F¯ which
can be translated in terms of a the inferred threshold
luminosity L¯ðzÞ (ng ¼ N in [13,19]). The physical number








where ngðxα;MÞ is the physical number density which




p ¼ ﬃﬃﬃﬃﬃﬃ−gp =a4, gˆμν is the comoving metric. In the




a¯3ðx¯0Þngðx¯0; x¯; L¯Þd3x¯; ð14Þ
where the observed comoving volume is d3x¯ ¼ dV¯. Then,
relating the observed galaxy number density with the
physical one, i.e. Eqs. (13), (14), we obtain the observed
fractional number overdensity
Δg ¼
ngðx¯0; x¯; L¯Þ − n¯gðx¯0; L¯Þ
n¯gðx¯0; L¯Þ
¼ Δð1Þg þ 1
2
Δð2Þg ; ð15Þ
4This result was obtained by using the “cosmic rulers”
approach developed in [14,117], and generalized in [46,47] at
second order.






























Here we have considered the corrections up to second order
of the volume: dVdV¯




























where Δngðx¯α; L¯Þð1Þ and Δngðx¯α; L¯Þð2Þ contain also the
fluctuation of the luminosity distance at the observed
redshift z (e.g. see [47]). In order to write explicitly all
above relations, first of all, let us define at first order the
following quantities:
(i) the scale factor correction5
Δ ln að1Þ ¼ −Φþ ∂∥vþ 2Ið1Þ; ð22Þ
where Ið1Þ is the integrated Sachs-Wolfe (ISW) effect






where, here and hereafter, the prime 0 denotes ∂=∂η;





d~χðχ¯ − ~χÞ ~χ
χ¯
~∇2⊥Φ; ð24Þ


























d~χ½ð χ¯ − ~χÞ ~∂i⊥Φ; ð26Þ
where ~∂i ¼ ∂=∂ ~xi;
(iv) the radial displacement at first order that corresponds


















which can be split as













The physical meaning of this vector can be under-
stood by noting that the transverse part, i.e. Sið1Þ⊥ , can
be related with Tð1Þ and κð1Þ in the following way:
−2κð1Þ ¼ 2∂⊥iSið1Þ − ∂⊥iTð1Þ:
(vi) Finally the overdensity




where n¯g ¼ ngðx¯0; L¯Þð0Þ is the background number
density of sources with luminosity exceeding L¯
and nð1Þg ¼ ngðx¯α; L¯Þð1Þ.
5From now on, in the expressions we have removed all the
terms that are evaluated by the observer, as they represent
unobservable monopole-like terms.
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∂ ln n¯gða¯; L¯Þ
∂ ln a¯ þ 3 ð32Þ
is the evolution bias term related to the background number density, and H ¼ a0=a is the conformal Hubble factor and we
have defined the background magnification bias as




All the quantities defined at linear order above, at second order become [46,47,50]









Ið1Þ þ2ð2Φ0 þ∂∥Φ−∂2∥vÞTð1Þ þ4χ¯∂⊥ið−Φþ∂∥vÞSið1Þ⊥









































−2 ~∂i⊥ωð2Þi þ 4~χ ω
ð2Þ


























































d~χð χ¯ − ~χÞ ~χ
χ¯
	
−2~∂i⊥Φ ~∂⊥iΦþ 2~∂i⊥Φ ~∂⊥iIð1Þ − 2Φ ~∇2⊥Φ































where AðiBjÞ ¼ ðAiBj þ BiAjÞ=2, and
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Finally, at second order the galaxy fractional overdensity is [46,47,50]













































































































−2be− 4Qþ 4beQ− 8Q2 þ 8
∂Q
∂ ln L¯þ 4
∂Q












































































































1− 2be−Qþ 2beQ− 4Q2 þ 4
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−1þQþ 2Q2− 2 ∂Q∂ ln L¯
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κð1Þ þ ð1−QÞϑð1Þij ϑijð1Þ þ 2



































































d~χð χ¯ − ~χÞ
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and for convenience of notation we sometimes use nð2Þg ¼
ngðx¯α; L¯Þð2Þ. Here we have defined the first-order magni-
fication bias in the following way:







Let us point out that, using the result from Ref. [50], we
have indirectly assumed that galaxy velocities follow the
matter velocity field, i.e. no velocity bias, and we have used
the velocity equation both at first and second order (for
example see Appendix A).
The readers interested in the primordial non-Gaussianity
contribution (or fNL for short) should keep in mind that it is
implicitly enclosed in second-order primordial quantities
such as Φð2Þ; see e.g., Sec. E 2 a.
Now, replacing Eq. (22) in Eq. (31) we have the galaxy
density contrast at first order that it is given by 8 terms
involving δg, first and second derivatives of the velocity,
potential, convergence, ISW and STD:









































At second order, replacing Eqs. (22), (34) and (35) in Eq. (39), we have
Δð2Þg ¼ Δð2Þgloc þ Δð2Þgint; ð43Þ
where we have separated the second-order contribution to Δð2Þg in local (subscript loc) and integrated (subscript int) terms.






































ð∂∥vð2Þ þ vˆð2Þ∥ Þ ð45Þ



































































































































































































































































incorporates all local projection terms with transverse partial derivatives.








−2be þ 2beQ − 4Q2 þ 4
∂Q
∂ ln L¯þ 2
∂Q
∂ ln a¯þ 2
H0
H2




























































be þ b2e þ
∂be
∂ ln a¯
þ 2Q − 4Qbe þ 4Q2 − 4
∂Q
∂ ln L¯ − 4
∂Q




















−1 − 2be þQ − 4Q2 þ 2beQþ 4
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be − beQþ 2Q2 − 2
∂Q







ð1 −QÞ þ 1
χ¯H










ð1 −QÞδð1Þg − 2∂∥δð1Þg þ 4χ¯

























1þ be − 4Q −
H0
H2

































d~χ ~χΦ0 þ ð1 −QÞ
χ¯H





ð1 −QÞΦ0 − ð1 −QÞδð1Þg

κð1Þ





















ð1 −QÞ þ 1
χ¯H












































contains convergence, ISW and STD terms.
In































−χ¯∂⊥iδð1Þg − χ¯H ∂⊥iΦ
0 − χ¯
	










2þ be − 4Q −
H0
H2






















d~χ ~χΦ0 þ ð1 −QÞϑð1Þij ϑijð1Þ
− 4ð1 −QÞSið1Þ⊥ Sjð1Þ⊥ δij; ð50Þ
we have terms like ∂⊥iAð1Þ∂i⊥Bð1Þ, where Að1Þ or Bð1Þ can be a local or an integrated term at first order.
In





be − 2Q −
H0
H2




Ið2Þ þ 2ð1 −QÞχ¯∂⊥iSið2Þ − χ¯ð1 −QÞ∇2⊥Tð2Þ; ð51Þ
we find integrated terms such as, for example, ISW and STD at second order.
In the fourth term,
























d~χðΦ2 þΦ0Tð1Þ þ 2Φκð1Þ þ ~χ ~∂⊥iΦ ~∂i⊥Tð1ÞÞ þ 4
	
be − 2Q −
H0
H2



























d~χð χ¯ − ~χÞ
	





































d~χð χ¯ − ~χÞ ~χ
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we identify contributions in which the product between a
local and integrated term (or two local terms) is within







d~χð χ¯ − ~χÞ ~χ
χ¯
	



















we find all symmetric trace-free terms with orthogonal
partial derivatives. Obviously, Eqs (44) and (48) are written
according to the properties of the various local and integral






where Eq. (54) is given by the sum of all terms contained in
Eqs. (45), (46), (47), (49), (50), (51), (52) and (53).
IV. BISPECTRUM
The spherical Bessel representation uses a complete set
of orthogonal basis functions jklmi in a spherical Fourier
space (for a very brief review of this formalism, see
Appendix B). A scalar field like Δg in configuration space
can be decomposed in the following way:
ΔglmðkÞ ¼ hklmjΔgi ¼
Z
d3xhklmjxihxjΔgi: ð55Þ
It is important to note that by definition the monopole
Δg00 can be removed and set to zero for k → 0. In general,
we can discard Δg00 because only the mean n¯gðzÞ contrib-
utes to the monopole. Therefore we will compute the
spherical power spectrum only for l > 0.
Here we introduce a more realistic definition of
hxjΔgi ¼ ΔgðxÞ which in a realistic case becomes
hxjΔgi →Wð χ¯ÞΔgðxÞ; ð56Þ
where we have included the radial selection functionWðχ¯Þ.
Then at first and second order we find
ΔglmðkÞ ¼ Δgð1Þlm ðkÞ þ
1
2









Δað2Þlm ðkÞ þ    ; ð57Þ
where the index b runs over the terms defined in Eq. (42)
and a represents the index of summation over all additive
terms at second order; see Eq. (54). Finally, Δgð1Þlm ðkÞ is the
spherical Bessel transform of Eq. (42) and the second-order
terms are the spherical Bessel transforms of Eq. (54).
A. First-order terms
Considering each term of the first summation on the
right-hand side of Eq. (57), we have
Δbð1Þlm ðkÞ ¼ hklmjΔbð1Þi
¼
Z
d3xWð χ¯ÞhklmjxiΔbð1Þg ðxÞ; ð58Þ
where we have already included the radial selection






















where ΦpðkÞ is the primordial potential set during the
inflation epoch, T bðk; ηÞ is a generalized transfer function
which relates the linear primordial potential with a generic
perturbation term (here labeled with b). Here k is a Fourier
space vector, nˆ is the observed galaxy unity vector on the








where ℵlðkÞ is a function that depends on l and k (see
Appendix B) which specific expression depends on the
conventions adopted in the expansion.
For each contribution in Eq. (42), we have defined a
weight function Wb which is a generic operator that
depends on χ¯; η; ∂=∂χ¯; ∂=∂η and △nˆ. This operator enc-
loses the physical effects due to the fact that in any
observation we collect the photons emitted from a source
after they have traveled through the past light cone of the
observer. It is this “projection effect” on the perturbations
that is captured by W; W takes slightly different explicit
expressions depending on what perturbation is being
considered, as labeled by its superscript index. Applying
it to the spherical harmonics, we find
Wb

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where, in Wbð1Þl , through the relation
△nˆYlmðnˆÞ ¼ −lðlþ 1ÞYlmðnˆÞ;
we have removed its angular dependence.
Using Eq. (60), we have
Wb
























Then, taking into account that Z
d2nˆYl1m1ðnˆÞYl2m2ðnˆÞ ¼ δKl1l2δKm1m2 ; ð62Þ






l ðk; ~kÞYlmð ~ˆkÞΦpð ~kÞ; ð63Þ
where




















Before concluding this subsection, it is useful to calculate the spherical power spectrum (see also [17]), i.e.




l ðk; ~kÞMcð1Þl ðk0; ~kÞPΦð~kÞ; ð65Þ
where PΦð~kÞ is the power spectrum of the potential at initial epoch
hΦpð ~kÞΦpð ~k0Þi ¼ ð2πÞ3δDð ~k − ~k0ÞPΦð~kÞ:
B. Second order (scalar case)
In the same way, at second order, the spherical Bessel transform of each term contained in the last summation of Eq. (57)








In general (for the scalar case), similarly to what was done at first order, let us define the spherical multipole functions ~Mð2Þ,


















ðk;p; qÞY l¯ m¯ðpˆÞY ¯l m¯ðqˆÞ; ð68Þ
where we used the following theorem that relates Legendre polynomials Pl¯ to spherical harmonics
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ðk;p; qÞYlpmpðpˆÞY l¯ m¯ðpˆÞYlqmqðqˆÞY ¯l m¯ðqˆÞΦpðpÞΦpðqÞ: ð70Þ
As we will see in Sec. VI and Appendix F,Mað2Þ
lmlpmplqmql¯ m¯
ðk;p; qÞwill be computed explicitly for all terms contained in
Eq. (54). Finally, using Eqs. (63) and (70), in the next section we derive the expression for the spherical-Bessel bispectrum.
C. Master relation for bispectrum (scalar case)






































































where the index a identifies all the terms at second order in Eq. (54), and the indexes b and c identify all the terms in































6In general, one might think that hΔgðk1ÞΔgðk2ÞΔgðk3Þi ¼ ð2πÞ3δDðk1 þ k2 þ k3ÞBðk1;k2;k3Þ. However, we cannot, a priori,
assume that the bispectrum in redshift space preserves the property of homogeneity and isotropy; therefore, we need to proceed as in
Eq. (71).
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Taking into account that
hΦpðp1ÞΦpðq1ÞΦpðq2ÞΦpðq3Þi ¼ ð2πÞ6½δDðp1 þ q1ÞPΦðp1ÞδDðq2 þ q3ÞPΦðq2Þ
þ ð2πÞ6½δDðp1 þ q2ÞPΦðq2ÞδDðq1 þ q3ÞPΦðq3Þ
þ ð2πÞ6½δDðp1 þ q3ÞPΦðq3ÞδDðq1 þ q2ÞPΦðq2Þ ð75Þ
and using



















þ ϒ½3abcl1m1l2m2l3m3ðk1; k2; k3Þ ð76Þ
whereϒ½jabcl1m1l2m2l3m3 , for j ¼ 1, 2, 3, are the bispectrum building blocks and contain all of the information on the bispectrum
in redshift space. Explicitly, we have

















































and ϒ½3abcl1m1l2m2l3m3ðk1; k2; k3Þ is obtained from ϒ
½2abc
l1m1l2m2l3m3
ðk1; k2; k3Þ if we note that Mað2Þlmlpmplqmql¯ m¯ðk;p; qÞ ¼
Mað2Þ
lmlqmqlpmpl¯ m¯
ðk; q; pÞ. Here G is the usual Gaunt integral [see Eq. (5)]. For symmetry reasons one may expect that




In Appendix D will show explicitly that this is the case. The explicit proof offers a consistency check on our calculations and
expressions. In Appendix D we will also prove that
ϒ½1abcl1m1l2m2l3m3ðk1; k2; k3Þ ∼ δKl10:
This implies that we can discard ϒ½1abc because here we consider only terms with l > 0. Finally we will demonstrate
that the three-point function of the coefficients defined in Eq. (72) may be factorized by isotropy7 into
7Precisely, here the term isotropy means that Bl1l2l3ðk1; k2; k3Þ is rotationally invariant for rotations around the line of sight passing
through the circumcenter.










Bl1l2l3ðk1; k2; k3Þ; ð79Þ
where l1 þ l2 þ l3 ¼ even, m1 þm2 þm3 ¼ 0 and l1, l2, l3 satisfy the triangle rule.












Bl1l2l3ðk1; k2; k3Þ: ð80Þ
The rest of paper is devoted to computing explicitly allMað2Þ
lmlpmplqmql¯ m¯
ðk;p; qÞ in Eq. (54) and in Sec. VII we give a
prescription to incorporate consistently the bias at second order within δð2Þg .
V. SPHERICAL MULTIPOLE FUNCTIONS AT FIRST ORDER
Using the prescription in IVA, it is easy to rewrite the matter overdensity at first order [Eq. (42)] in terms ofMbð1Þl ðk; ~kÞ.
Specifically, we obtain the following relations (see also [17]):
M
δgð1Þ
l ðk; ~kÞ ¼
Z
dχ¯χ¯2Wð χ¯Þ½4πilℵlðkÞjlðkχ¯Þjlð~k χ¯ÞT δgð ~k;ηÞ;
M
∂2∥vð1Þ













































jlðkχ¯Þjlð~k χ¯ÞT Φð ~k;ηÞ;
MΦ
0ð1Þ



















	ð χ¯ − ~χÞ
χ¯ ~χ








































d~χ½jlð~k ~χÞT Φð ~k; ~ηÞ: ð81Þ
Note that here and hereafter for clarity we have made explicit what term the superscript index b ofM refers to, by writing
in its place the physical quantity involved e.g. δg for galaxy over density, κ for convergence etc. Here we used




and the following definitions:
δð1Þg ðk; ηÞ ¼ T δgðk; ηÞΦpðkÞ; vð1Þðk; ηÞ ¼ T vðk; ηÞΦpðkÞ; and Φð1Þðk; ηÞ ¼ T Φðk; ηÞΦpðkÞ: ð82Þ
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VI. SPHERICAL MULTIPOLE FUNCTIONS AT SECOND ORDER
In this section we will apply the instructions contained in Sec. IV B where we proved that a generic (scalar) term at
second order can be expressed in terms ofMað2Þ
lmlpmplqmql¯ m¯
ðk;p; qÞ. In the next subsections wewill consider separately each
additive term contained in Eqs. (44) and (48), i.e. Δð2Þg loc−i for i runs from 1 to 3, and Δ
ð2Þ
g int−j where j runs from 1 to 5.
A. Terms from Δð2Þg loc− 1 [see Eq. (45)]
Equation (45) contains all local contributions with second-order perturbation terms. These additive terms can be written
















where Wα has been introduced in Eq. (59), and the superscript α½b means that we are taking combinations of different
explicit “projection effect” expressions W, labeled by the superscript index α, with Δ labeled by the superscript index b.
Here Δbð2Þ ¼ δð2Þg ;Φð2Þ;Ψð2Þ; vð2Þ, respectively, for b ¼ δð2Þg ;Φð2Þ;Ψð2Þ; vð2Þ and
1
2






3δDðpþ q − ~kÞ 1
2
Fbð2Þðp;q; ~k; ηÞT Φðp; ηÞT Φðq; ηÞΦpðpÞΦpðqÞ; ð84Þ
where Fbð2Þðp;q; ~k; ηÞ are specific kernel functions (fully symmetric functions) and depend also on the parameters related to
primordial non-Gaussianity. Explicit expressions for Fbð2Þðp;q; ~k; ηÞ are reported in Appendix E 2.





















































Here, by construction, we note that, in these kernels, ~k is related to p, q, and the angle between them, cosðθp qÞ via
~k½p; q; cosðθp qÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2 þ q2 þ 2pq cosðθp qÞ
q
;
where cosðθp qÞ ¼ pˆ · qˆ. Then Fbð2Þðp;q; ~k; ηÞ ¼ Fbð2Þ½p; q; cosðθp qÞ; η and in general we can expand in Legendre
polynomials the dependence of the kernel on θpq using
Fbð2Þ
l¯





d cosðθpqÞPl¯½cosðθpqÞFbð2Þ½p; q; cosðθpqÞ; η: ð86Þ
Hence the second-order kernels can be expanded as
1
2
















ðp; q; ηÞYl¯ m¯ðpˆÞY ¯l m¯ðqˆÞ: ð87Þ
In Appendix F we present an alternative way to compute these terms. This new method might be important if
Fbð2Þðp;q; ~k; ηÞ is function of ~kn, where n < 0.





































































































































ðp; q; ηÞ ∂∂χ¯ ½jlpðpχ¯Þjlqðqχ¯Þjlðkχ¯ÞT


















ðp; q; ηÞ ∂
2
∂χ¯2 ½jlpðpχ¯Þjlqðqχ¯Þjlðkχ¯ÞT
Φðp; ηÞT Φðq; ηÞ: ð94Þ
B. Terms from Δð2Þg loc− 2 [see Eq. (46)]
All local projection terms with time and partial space derivatives along the line-of-sight direction of Δð2Þg loc−2 in Eq. (46)




























where the superscript ij means that we are taking combinations of different WbΔbð1Þ labeled by the superscript indices
b ¼ i or j, where Δið1Þðx; ηÞ can be Φ; v; δð1Þg . [Note that in Eq. (57) the index a also runs through all combinations of i, j.]
Applying the weight function Wj on Δjð1Þ we have







































































































Then, explicitly, we have
Mijð2Þ
lmlpmplqmql¯ m¯














































Replacing the indices ij by the corresponding symbol for each additive contribution in Eq. (46)—and thus making more























½T δgðp; ηÞT Φðq; ηÞ








































































































































































































































−5þ 4be þ b2e þ
∂be
∂ ln a¯
þ 8Qþ 16Q2 − 8beQ − 16
∂Q
∂ ln L¯ − 8
∂Q
















ð1 −QÞ þ 4
χ¯H










1 −Qþ 2Q2 − 2 ∂Q∂ ln L¯













































































































































































































































































































1 − 2be þ b2e þ
∂be
∂ ln a¯þ 8Q − 4Qbe þ 4Q
2 − 4
∂Q
∂ ln L¯ − 4
∂Q
∂ ln a¯
















ð1 −QÞ þ 2
χ¯H

2 − 2be − 2Qþ 2beQ − 4Q2 þ 4
∂Q







1 −Qþ 2Q2 − 2 ∂Q∂ ln L¯
















































































































































































































































































































































































C. Terms from Δð2Þg loc− 3 [see Eq. (47)]





























where here the indices r, s, and rs have the same meaning of the superscript i, j and ij of previous subsection, Δsð1Þ was
already defined in the previous subsection, and















































Starting from (see Appendix C)
∂⊥iYlmðnˆÞ ¼ 1χ¯


































































































Here ð2Þ∇i is the covariant derivate on the unit sphere, ð (ð¯) is the spin raising (lowering) operator and sYlm are spin-










where we have defined
I s1s2s3l1l2l3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ








½1YlpmpðnˆÞ−1YlqmqðnˆÞ þ −1YlpmpðnˆÞþ1YlqmqðnˆÞ ¼
X
~l ~m









i.e. we can set ~s ¼ 0 (because s1 þ s2 þ ~s ¼ 0where ~s ¼ s3). This implies that we can projectΔað2ÞðxÞ on jklmi space and
finally obtain

































































































lp þ lq þ ~l even
0 lp þ lq þ ~l odd:






~lð ~lþ 1Þ − lpðlp þ 1Þ − lqðlq þ 1Þ
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lpðlp þ 1Þlqðlq þ 1Þ





½l1ðl1 þ 1Þ þ l2ðl2 þ 1Þ − lðlþ 1Þ
2
Gll1l2−mm1m2 ; ð140Þ
































































and, explicitly, we have
Mrsð2Þ
lmlpmplqmql¯ m¯
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Applying Eq. (142) for each term in Eq. (47) we find
M∂⊥v∂⊥Φð2Þ
lmlpmplqmql¯ m¯




























T vðp; ηÞT vðq; ηÞ ∂∂χ¯ ½jlpðpχ¯Þjlqðqχ¯Þjlðkχ¯Þ; ð144Þ
M∂⊥v∂⊥vð2Þ
lmlpmplqmql¯ m¯
















T vðp; ηÞT vðq; ηÞjlpðpχ¯Þjlqðqχ¯Þjlðkχ¯Þ: ð145Þ
D. Terms from Δð2Þg int− 1 [see Eq. (49)]
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and the transfer function can be written in the following way:
Mjð2Þ
lmlpmplqmql¯ m¯

































































Likewise, for (ii), we have
Mijð2Þ
lmlpmplqmql¯ m¯





















































































−2be þ 2beQ − 4Q2 þ 4
∂Q
∂ ln L¯þ 2
∂Q
∂ ln a¯þ 2
H0
H2




































































































































































































































































































































































be þ b2e þ
∂be
∂ ln a¯þ 2Q − 4Qbe þ 4Q
2 − 4
∂Q
∂ ln L¯ − 4
∂Q
∂ ln a¯
















ð1 −QÞ þ 2
χ¯H
	
−1 − 2be þQ − 4Q2 þ 2beQþ 4
∂Q











































be − beQþ 2Q2 − 2
∂Q







ð1 −QÞ þ 1
χ¯H











































−1þQþ 2Q2 − 2 ∂Q∂ ln L¯

½T Φðp; ηÞT Φðq; ~ηÞjlpðpχ¯Þjlqðq~χÞ
















































1þ be − 4Q −
H0
H2


























































































dχqT Φðp; ηpÞT Φðq; ηqÞjlpðpχpÞjlqðqχqÞjlðkχ¯Þ; ð156Þ
Mκð2Þ
lmlpmplqmql¯ m¯
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T Φðp; ηpÞjlpðpχpÞT Φðq; ηqÞjlqðqχqÞ
þ lpðlp þ 1Þ
χ¯ − χp
χ¯χp

























































































































































































































E. Terms from Δð2Þg int− 2 [see Eq. (50)]
Here we have terms like ∂⊥iAð1Þ∂i⊥Bð1Þ, where Að1Þ or Bð1Þ can be a local or an integrated term at first order. From Δð2Þg int−2
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where we have directly used the following identity:




lpðlp þ 1Þlqðlq þ 1Þ
p I− ~mmpmq~llplq Y ~l− ~mðnˆÞ; ð171Þ
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½T δgðp; ηÞjlpðpχ¯ÞT Φðq; ~ηÞjlqðq~χÞ þ T δgðq; ηÞjlqðqχ¯ÞT Φðp; ~ηÞjlpðp~χÞ
−
	








½T Φðp; ηÞjlpðpχ¯ÞT Φðq; ~ηÞjlqðq~χÞ þ T Φðq; ηÞjlqðqχ¯ÞT Φðp; ~ηÞjlpðp~χÞ
þ
	

























































































½T Φðp; ηÞjlpðpχ¯ÞT Φðq; ~ηÞjlqðq~χÞ þ T Φðq; ηÞjlqðqχ¯ÞT Φðp; ~ηÞjlpðp~χÞ
−
	





























































































































































× ðχ¯ − χpÞðχ¯ − χqÞT Φðp; ηpÞjlpðpχpÞT Φðq; ηqÞjlqðqχqÞjlðkχ¯Þ; ð181Þ
MS⊥S⊥ð2Þ
lmlpmplqmql¯ m¯

















× T Φðp; ηpÞjlpðpχpÞT Φðq; ηqÞjlqðqχqÞjlðkχ¯Þ: ð182Þ
F. Terms from Δð2Þg int− 3 [see Eq. (51) (only for scalar terms)]
In Δð2Þg int−3 we find integrated terms as, for example, ISWand STD at second order. In particular, for the first two additive



















ðΦð2Þð ~x; ~ηÞ þ Ψð2Þð ~x; ~ηÞÞ: ð183Þ




ðk;p; qÞ ¼ 2ð4πÞ3ℵlðkÞð−1Þmilpþlqð2l¯þ 1Þ−1Gllplq−mmpmq
Z






















































T Φðp; ~ηÞT Φðq; ~ηÞ

× jlpðp~χÞjlqðq~χÞjlðkχ¯Þ: ð185Þ
Using the same approach, the last two additive terms of Eq. (51) can be written together in the following way:
1
2












































× T Φðp; ~ηÞT Φðq; ~ηÞjlpðp~χÞjlqðq~χÞ

YlpmpðpˆÞYl¯ m¯ðpˆÞYlqmqðqˆÞY ¯l m¯ðqˆÞΦpðpÞΦpðqÞ: ð186Þ
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From Eq. (133), we note that







½1YlpmpðnˆÞ−1YlqmqðnˆÞ þ −1YlpmpðnˆÞþ1YlqmqðnˆÞ; ð187Þ




























× T Φðp; ~ηÞT Φðq; ~ηÞjlpðp~χÞjlqðq~χÞjlðkχ¯Þ: ð188Þ
Let us conclude by noting that, in Appendix F, we compute also these terms in a different way.
G. Terms from Δð2Þg int− 4 [see Eq. (52)]
InΔð2Þg int−4, each contribution is an integral along the line of sight of the product between a local and an integrated term (or
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½lqðlq þ 1ÞT Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ























2 − be þ
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2 − be þ
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ð ~χ − ~~χÞ
~~χ
½lqðlq þ 1ÞT Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ

















































































































































































































































































































































































































































































ð χ¯ − ~χÞ





ðk;p; qÞ ¼ −2δK
l¯0































× ½lpðlp þ 1ÞT Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ
þ lqðlq þ 1ÞT Φðq; ~ηÞjlqðq~χÞT Φðp; ~~ηÞjlpðp~~χÞjlðkχ¯Þ; ð219Þ












































× ½lpðlp þ 1ÞT Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ




















× ½lpðlp þ 1ÞT Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ






















ð ~χ − ~~χÞ½T Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ





























































































× ½lqðlq þ 1ÞT Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ
þ lpðlp þ 1ÞT Φðq; ~ηÞjlqðq~χÞT Φðp; ~~ηÞjlpðp~~χÞjlðkχ¯Þ: ð226Þ
H. Terms from Δð2Þg int− 5 [see Eq. (53)]
We immediately see that Δð2Þg int−5 contains all symmetric trace-free terms with orthogonal partial derivatives. In order to
compute correctly all these relations, it is useful to rewrite ∂¯i⊥∂¯j⊥ with covariant derivates ð2Þ∇i and, then, the usual spin-
raising and spin-lowering operators (for more details, see Appendix C). In particular, we have
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and using Pij ¼ 2mþðim−jÞ, we find
ð2Þ∇ðið2Þ∇jÞΦ − 1
2
Pijð2Þ∇2Φ ¼ 2Φmþimþj þ −2Φm−im−j;
ð229Þ
where
2Φ ¼ mi−mj−ð2Þ∇ið2Þ∇jΦ ¼ 12 ð
2Φ and
−2Φ ¼ miþmjþð2Þ∇ið2Þ∇jΦ ¼ 12 ð¯
2Φ: ð230Þ
Using


























































Using these results we can focus on the following terms: (i)
Δγ2ð2Þ ¼ −2ð1 −QÞjγð1Þj2 ¼ −ð1 −QÞγð1Þij γijð1Þ ð235Þ
and, (ii) a shear term related to post-Born term
perturbations




d~χðχ¯ − ~χÞ ~χ
χ¯
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þ ð2γð1Þmþimþj þ −2γð1Þm−im−jÞ












































ð χ¯ − ~χÞ
χ¯ ~χ
jlðk~χÞT Φðk; ~ηÞ; ð238Þ












































ð χ¯ − ~χÞ
χ¯ ~χ
jlðk~χÞT Φðk; ~ηÞ; ð239Þ
2γ






































ð χ¯ − ~χÞ
χ¯ ~χ
jlðk~χÞT Φðk; ~ηÞ; ð240Þ
−2γ






































ð χ¯ − ~χÞ
χ¯ ~χ




Δγ2ð2Þ ¼ −ð1 −QÞ½1γð1Þ−1γð1Þ þ −1γð1Þ1γð1Þ −
ð1 −QÞ
2
½2γð1Þ−2γð1Þ þ −2γð1Þ2γð1Þ: ð242Þ















lpðlp þ 1Þlqðlq þ 1Þ
p
2









ð χ¯ − χpÞ
χ¯χp
ð χ¯ − χqÞ
χ¯χq

































ð χ¯ − χpÞ
χ¯χp
ð χ¯ − χqÞ
χ¯χq




Using Eqs. (136) and (137) we have
½2YlpmpðnˆÞ−2YlqmqðnˆÞ þ −2YlpmpðnˆÞþ2YlqmqðnˆÞ ¼
X
~l ~m



















lp þ lq þ ~leven
0 lp þ lq þ ~lodd;
and taking into account Eq. (171), we can easily project Δγ2ð2ÞðxÞ on jklmi space. Indeed














































ð χ¯ − χpÞð χ¯ − χqÞ
× T Φðp; ηpÞT Φðq; ηqÞjlpðpχpÞjlqðqχqÞjlðkχ¯Þ

YlpmpðpˆÞYlqmqðqˆÞΦpðpÞΦpðqÞ: ð245Þ







































ð χ¯ − χpÞð χ¯ − χqÞ
× T Φðp; ηpÞT Φðq; ηqÞjlpðpχpÞjlqðqχqÞjlðkχ¯Þ: ð246Þ
Here we can immediately see that the first additive term within square brackets cancels Eq. (181).
For case (ii), using the relations written above we can quickly obtain














































































ð ~χ − ~~χÞ








































ð ~χ − ~~χÞ
× ½T Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ þ T Φðq; ~ηÞjlqðqχ¯ÞT Φðp; ~~ηÞjlpðp~~χÞjlðkχ¯Þ: ð249Þ
VII. BIAS
To correctly incorporate galaxy bias in the expression for the overdensity, which appears e.g., in Eqs. (30), (31), (39), (42)
etc., we treat the galaxy bias up to second order using the comoving-synchronous (CS) gauge. We argue that the CS gauge is
entirely appropriate to describe the matter overdensity at second order (for details, see [63]). The bias should be defined in
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the rest frame of CDM, which is assumed to coincide with
the rest frame of galaxies on large scales and can be
computed using the peak-background split approach [126].
In CS gauge, the spherical collapse model has an exact GR
interpretation [70,98,127,128]. Indeed, only in this frame
we can resort to the peak-background split [129,130]
approach, in which, in the Press-Schecter-inspired pre-
scription [126], halos of a given mass, M, collapse when the
linearly growing local density contrast (smoothed on the
corresponding mass scale) reaches a critical value. This is
important for a self-consistent calculation of the so-called
non-Gaussian halo bias and for precision parameter esti-
mates, introduced by nonlinear projection effects.
In ΛCDM, the CDM rest frame is defined up to second
order in the CS gauge—in which the galaxy and matter
overdensities are gauge invariant. The CS gauge is defined

















ðnÞ ¼ −2ψ ðnÞCSδij þ ð∂i∂j − δij∇2=3ÞχðnÞCS þ
∂iχCSj ðnÞ þ ∂jχCSi þ χCSij ðnÞ, ∂iχiðnÞCS ¼ ∂iχijðnÞCS ¼ 0 (where,
for simplicity, we have removed the purely transverse
space-dependent constant C⊥i in g0i; see [131]).
Before proceeding into the main part of this section,
some comments are in order.
(i) The primordial non-Gaussianity (NG) has to be
considered in all second-order contributions. NG is set at
primordial inflationary epochs on large scales. At later
times cosmological perturbations reenter the Hubble radius
during the radiation or during the matter epoch. Beyond
linear order, integrated (or projection) effects couple large
and small scales. Thus the NG large-scale information leaks
into smaller scales. Therefore a complete general relativ-
istic computation is required to evaluate all the observable
imprint of PNG in the LSS.
(ii) The long-mode curvature perturbation modulates the
matter overdensity, with an effective fGRNL ¼ −5=3 [64], but
this effect cancels out in the halo overdensity, when
perturbations are evaluated at a fixed local scale ~x, rather
than fixed global scale x. More in detail, the small-scale
density at a fixed local physical scale is independent of the
long-wavelength perturbation. Thus the long-wavelength
mode has no effect on the small-scale variance of the
density field smoothed on a fixed mass scale. In other
words, the long-wavelength perturbations are not observ-
able locally if the distribution of the primordial metric
perturbation8 ζ is a Gaussian random field and we conclude
that, within δð2ÞmCS, f
GR
NL ¼ −5=3 is, in the strictly squeezed
limit, reabsorbed via a local coordinate transformation (see
[64,132,133] and Appendix E 2 a).
Taking into account the above discussion, we define the
scale-independent bias in a completely general way at first
and second order (considering scales down to the mildly









b∇2δ∇2δð2ÞmCS þ 12 b20ðδ
ð1Þ









bð∇2δÞ2ð∇2δð1ÞmCSÞ2 þ bδ∇2δδð1ÞmCS∇2δð1ÞmCS þ bð∂δÞ2δKijð∂iδð1ÞmCSÞð∂jδð1ÞmCSÞ; ð251Þ
where9 b10, b∇2δ; b01; b11; b20; b20; bs2 ; bð∇2δÞ2 ; bδ∇2δ; bð∂δÞ2 depend on the conformal time,
10 ζ is the comoving curvature
perturbation and
10Rigorously b10, b∇2δ; b01; b11; b20; b20; bs2 ; bð∇2δÞ2 ; bδ∇2δ; bð∂δÞ2 should be also functions of space and time. Then, in Fourier space,
δgCSðkÞ should be written in the following way:







3δDðpþq−kÞ½b10ðp;q; k;ηÞδð2ÞmCSðp;q; k;ηÞ− b∇2δðp;q; k;ηÞk2δð2ÞmCSðp;q; k;ηÞ
þ b20ðp;q; k;ηÞδð1ÞmCSðp;ηÞδð1ÞmCSðq;ηÞþ b11ðp;q; k;ηÞðζðpÞδð1ÞmCSðq;ηÞþ ζðqÞδð1ÞmCSðp;ηÞÞþ b02ðp;q; k;ηÞζðpÞζðqÞ
þ bs2ðp;q; k;ηÞsðp;ηÞsðq;ηÞþ bð∇2δÞ2ðp;q; k;ηÞp2q2δð1ÞmCSðp;ηÞδð1ÞmCSðq;ηÞ
− bδ∇2δðp;q; k;ηÞðp2 þ q2Þδð1ÞmCSðp;ηÞδð1ÞmCSðq;ηÞ− 2bð∂δÞ2ðp;q; k;ηÞðp ·qÞδð1ÞmCSðp;ηÞδð1ÞmCSðq;ηÞ: ð253Þ
8Here the comoving curvature perturbation ζ has the same definition and notation as in e.g. Refs. [58,100,132]. Finally ζ here is −ζ in
[122], and ζ ¼ −Rc defined in [99].
9Let us note that if the single-field consistency conditions hold, then for example we have b01 ¼ 0.
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Let us point out that δð2ÞgCS depends also on primordial non-Gaussianity (see Appendix E 2 a for an analysis at k ≤ keq where
the primordial fNL is written explicitly).
Now we need to connect δgCS in Eq. (251) with δg defined above in the Poisson gauge. From [46,47,50] we know that
δg ¼ δgCS − beHvþ 3Hv; ð255Þ














Note the useful relation11 v ¼ χð1Þ0=2. In particular, Eq. (256) can be expressed as follows:
δð2Þg ¼ δð2ÞgCS − ∂iχð1Þ∂iδgCS − ðbe − 3ÞHvð2Þ þ ½ðbe − 3ÞH0 þHb0e þ ðbe − 3Þ2H2v2 þ ðbe − 3ÞHvv0 − 2vδ0gCS
− 2Hðbe − 3ÞvδgCS − ðbe − 3ÞH∇−2ðv∇2v0 − v0∇2v − 6∂iΦ∂iv − 6Φ∇2vÞ; ð257Þ
where we used the relation ∇2ð∂iχð1Þ∂ivÞ ¼ ∂iχð1Þ∂i∇2vþ ∂iv∂i∇2χð1Þ þ 2∂i∂jχð1Þ∂i∂jv. Bearing in mind Eqs. (251),
(255) and (257) become
δg ¼ b10δð1ÞmCS þ b∇2δ∇2δð1ÞmCS þ b01ζ − ðbe − 3ÞHv; ð258Þ
δð2Þg ¼ b10δð2ÞmCS þ b∇2δ∇2δð2ÞmCS þ b20ðδð1ÞmCSÞ2 − b10∂iχð1Þ∂iδð1ÞmCS − b∇2δ∂iχð1Þ∇2∂iδð1ÞmCS þ bs2s2 þ bð∇2δÞ2ð∇2δð1ÞmCSÞ2
þ 2bδ∇2δδð1ÞmCS∇2δð1ÞmCS þ 2bð∂δÞ2∂iδð1ÞmCS∂iδð1ÞmCS − ðbe − 3ÞHvð2Þ − 2½b010 þHðbe − 3Þb10vδð1ÞmCS




0 − 2b∇2δv∇2δð1ÞmCS0 þ b02ζ2 þ ðbe − 3ÞHvv0 þ ½ðbe − 3ÞH0 þHb0e þ ðbe − 3Þ2H2v2
− ðbe − 3ÞH∇−2ðv∇2v0 − v0∇2v − 6∂iΦ∂iv − 6Φ∇2vÞ: ð259Þ
Now, using this definition for the bias in Eqs. (251) and (255), the transfer function T δg , defined in Eq. (82), can be
explicitly written as
T δgðk; ηÞ ¼ b10ðη; L¯ÞT δSCðk; ηÞ − b∇2δðη; L¯Þk2T δSCðk; ηÞ þ b01ðη; L¯ÞT ζðk; ηÞ − ðbeðη; L¯Þ − 3ÞHT vðk; ηÞ: ð260Þ
Finally we can also rewrite the magnification bias, which first appeared in Sec. III, as




∂ ln L¯ v ¼ −
∂b10ðx¯0; L¯Þ




∂ ln L¯ ∇
2δð1ÞmCS −
∂b01ðx¯0; L¯Þ
∂ ln L¯ ζþH
∂be
∂ ln L¯ v;
ð261Þ
and, consequently, T Q
ð1Þ
, in Eq. (128), turns out to be
T Q
ð1Þ ðk;η; L¯Þ¼−∂b10ðη; L¯Þ∂ ln L¯ T
δSCðk;ηÞþ∂b∇2δðη; L¯Þ∂ ln L¯ k
2T δSCðk;ηÞ−∂b01ðη; L¯Þ∂ ln L¯ T
ζðk;ηÞþH∂beðη; L¯Þ∂ ln L¯ T
vðk;ηÞ: ð262Þ
11For simplicity we have defined χð1Þ ¼ χð1ÞCS.
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Appendix E is devoted to write explicitly all the transfer
functions T bðk; ηÞ and the kernels Fbð2Þ
l¯
ðp; q; ηÞ for the
(spatially flat)ΛCDMmodel (all these results can be quickly
generalized for CDMþ dynamical dark energy models).
VIII. CONCLUSIONS
In this paper we presented, for the first time, the full
expression of the galaxy three-point function (the bispec-
trum) including all relativistic local and integrated terms at
second order in the perturbations, in the wide-angle geom-
etry (we never rely on the Limber and flat-sky approxima-
tions) and including the non-Gaussianity parameter fNL. We
also include the galaxy bias up to second order, including a
tidal term and add all magnification corrections. We believe
that the calculations and expressions presented here, despite
being cumbersome and appearing tedious and complicated,
are a valuable and timely contribution. Future and forth-
coming galaxy surveys will map the sky on ultralarge scales
with unprecedented precision bringing LSS in regime where
the simple Newtonian approximation is not longer sufficient.
The next-to-leading-order correlation (such as the bispec-
trum) despite being a lower signal-to-noise quantity than the
power spectrum, encloses key complementary physical and
cosmological information, which should not be neglected if
we are maximizing the scientific return from this observa-
tional effort. Given that the bispectrum on large scales will
be measured, the correct interpretation of the measurement
relies on accurate and precise theoretical modeling of the
signal. It is for this reason that we believe it is of fundamental
importance at this point to have the full expression of the
galaxy bispectrum, and we embarked in this challenging and
time consuming task, despite its apparent complexity.
Working in spherical Bessel coordinates, we derived a
compact expression for the bispectrum that encompasses all
the physical contributions at first and second order, in curved
sky and including integrated terms for radial configurations.






after resumming over fl1m1;l2m2;l3m3g, U is a scale-
dependent angular function and T SHli;mi are tripolar spheri-
cal harmonics; see Eq. (80).


















ðk3; q3ÞPΦðq2ÞPΦðq3Þ þ cyc;
whereCjl is a combination ofmultipoles and 3j- and 6j-Wigner
symbols, PΦ denotes the primordial (linear, Gaussian) power
spectrum of the Bardeen gravitational potential and
Kað2Þ
l1lp1lq1l¯1
ðk1; q2; q3Þ ∝Mað2Þl1m1lp1mp1lq1mq1l¯1m¯1ðk1; q2; q3Þ
and Mιð1Þlι ðkι; qιÞ [see Eq. (81)] are spherical multipole
functions at second and first order, respectively, containing
all the physical effects. For the explicit expressions of all
the terms, a concise summary can be found in Sec. II and
the details in the rest of the text. In particular,
Mað2Þ
l1m1lp1mp1lq1mq1l¯1m¯1
ðk1; q2; q3Þ are in Eqs. (89)–(94),
(100)–(128), (143)–(145), (152)–(165), (176)–(182), (184)–
(185), (188), (201)–(226), (246), (249), (F6)–(F11), (F13)–
(F14) and (F16).
It is evident that the expressions provided here will likely
be impractical for most realistic applications or data
analyses. Hence approximations will have to be made.
The results presented here provide the starting point to
devise suitable approximations and a reference and bench-
mark to assess the validity, accuracy, performance, advan-
tages and disadvantages of any such approximation. For
example for numerical and computational reasons, real data
analyses should involve an optimal choice of which terms
to include. We envision that the results presented here will
be a reference for assessing which physical effects are most
important and which one are ultimately negligible. The
choice will depend on specific survey characteristics, on the
physics to test, models considered or question at hand.
Significant work remains to be done in evaluating the
relative importance of the (many) different terms and
physical contributions to the overall signal in different
regimes. While preliminary investigation suggest that this
is a viable program, we leave this effort to future work.
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APPENDIX A: USEFUL RELATIONS
IN THE POISSON GAUGE
Here we report the expressions for the metric and the
four-velocities in Poisson gauge [70,123] used in Sec. III.




















































Given Tμνm ¼ ρmuμuν, i.e. the cold dark matter stress-



























þvj∂jvi−2viΦ0 þΦ∂iΦ¼ 0: ðA6Þ
APPENDIX B: SPHERICAL FOURIER
DECOMPOSITION: jklmi FRAME
Let us start with the plane-wave representation




where x ¼ χ¯ nˆ and k ¼ kkˆ and defining the complete
radial and angular basis in a spherical Bessel Fourier
space as jklmi, its representation in configuration
space is
hxjklmi ¼ ℵlðkÞjlðkχÞYlmðnˆÞ: ðB2Þ
This basis is orthonormal, i.e.
hklmjk0l0m0i ¼ ℶlðkÞδDðk − k0Þδll0δmm0 ðB3Þ
and
hk0jklmi ¼ ℷlðkÞYlmðkˆÞδDðk − k0Þ: ðB4Þ
At the moment, ℵlðkÞ;ℶlðkÞ and ℷlðkÞ are generic
functions. Obviously, as we will see below, these functions
are closely related to each other.
The completeness conditions on all possible bases are













Here, by construction, ℶlðkÞ and ℸlðkÞ are real, i.e.
ℶlðkÞ ¼ ℶlðkÞ and ℸlðkÞ ¼ ℸlðkÞ: ðB6Þ
Now, projecting the field ϕ ¼ jϕi, respectively on jxi,
jki and jklmi, i.e.
hxjϕi¼ϕðxÞ hkjϕi¼ϕðkÞ hklmjϕi¼ϕlmðkÞ; ðB7Þ
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From the above relation, immediately, we obtain the
following property:


















2δDðk − k0Þ; ðB15Þ














In the literature, these coefficients are usually fixed in the
following way:




















; ℸlðkÞ ¼ 1; ðB17Þ
where in (1) see Refs. [17,114] and in (2) see
Refs. [2,110,111].
In the paper it is also useful to write the inverse of














APPENDIX C: COVARIANT DERIVATIVE ON
UNIT SPHERE AND THE SPIN-WEIGHTED
SPHERICAL HARMONIC DECOMPOSITION
In this appendix, we outline the decomposition of three
dimensional quantities on a unity sphere in the observer
tangent space and show how one can derive the relation
between the covariant 2D derivative and spin-weighted
spherical harmonics function. This discussion is based on
Refs. [117,125,134–139].
Starting from the orthonormal polar basis vectors






which are also called spin 1 unit basis vector on the unity
sphere. (In the literature, e.g. Refs. [136,137], m is also
denoted as mþ ¼ m¯ and m− ¼ m.) Under a right-handed
rotation of the coordinate system feθ; eφg around n by an
angle ψ , so that
eθ → e0θ ¼ cosψeθ þ sinψeφ
eφ → e0φ ¼ − sinψeθ þ cosψeφ;
m transform as
m → m0 ¼ exp ðiψÞm:
In particular, m satisfy the following properties:
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mi ¼ Pijmj; mimi ¼ 0; mim∓i ¼ 1;
nimi ¼ 0; Pji ¼ mþimj− þm−imjþ:
Given a spin-weight s complex function sfðnÞ, it trans-







i1−…mis− transforms as a spin-weight s object.
Specifically, if Tj1…js is tensor symmetric and a trace-free
component of a rank s tensor, we can associate it with a s-
spin weight function in the following way:
sfðnÞ ¼ Ti1…ismi1−…mis−
−sfðnÞ ¼ Ti1…ismi1þ…misþ ðC1Þ
or conversely
Tj1…js ¼ sfðnÞmþi1…mþis þ −sfðnÞm−i1…m−is : ðC2Þ
At this point it is important to define the covariant
derivative on the unit sphere12
1
χ¯
ð2Þ∇iTj1…js ¼ Ppi Pq1j1…Pqsjs ∂pTq1…qs : ðC3Þ
From the above relation we note immediately that
for s ≠ 0; ∂⊥i ≠ 1χ¯
ð2Þ∇i
and, for s ¼ 0 we have
∂⊥if ¼ 1χ¯
ð2Þ∇if and ∂if ¼ ∂∥f þ 1χ¯
ð2Þ∇if: ðC4Þ
(Here 0f ¼ f.) Instead, with two derivates we find
∂⊥i∂⊥jf ¼ − 1χ¯2 nj
ð2Þ∇if þ 1χ¯2
ð2Þ∇ið2Þ∇jf: ðC5Þ
Now it is useful to relate ð2Þ∇i to the usual spin-raising
and lowering operators, i.e. ð and ð¯, defined and analyzed
for the first time in Refs. [140–145] (see also e.g.













∂θ − isin θ ∂φ

sinsθsf;
and have the ability to transform under the angle ψ
rotation as
ðsfðnÞ → e−iðsþ1ÞψðsfðnÞ;
ð¯sfðnÞ → e−iðs−1Þψ ð¯sfðnÞ:
Then the covariant derivate of Tj1…js can be written as
follows:
ð2Þ∇iTj1…js ¼ ½DisfðnÞmþj1…mþjs


















for s ≥ 0, and we have to replace mis− with m
isþ for s < 0.
In order to describe correctly objects of spin-weight s we
need to generalize the spherical harmonic basis Ylmðθ;φÞ.
This new basis is called spin-weight spherical harmonics
sYlmðθ;φÞ and it can be related with the usual Ylmðθ;φÞ ¼








ðsYlmðθ;φÞ for 0 ≤ s ≤ l
ð−1Þsð¯jsjYlmðθ;φÞ for − l ≤ s ≤ 0
ðC8Þ









ðlþ sÞðl − sþ 1Þ
p
s−1Ylmðθ;φÞ;
ð¯sðsYlmðθ;φÞ ¼ −ðl − sÞðlþ sþ 1ÞsYlmðθ;φÞ: ðC9Þ
Then we find12In Ref. [139] ð2Þ∇i ¼ Di.
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ð¯sðsYlmðθ;φÞ ¼ ðsð¯sYlmðθ;φÞ
¼ ð−1Þs ðlþ jsjÞ!ðl − jsjÞ! Ylmðθ;φÞ; ðC10Þ














ðlþ sÞðl − sþ 1Þ
p
s−1Ylmðθ;φÞm−i: ðC11Þ
Now we have all the required tools to connect quickly the
covariant derivative on the unit sphere with the spin-s
spherical harmonic basis. For example,
mi−ð2Þ∇iYlm ¼ −
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


















Let us conclude this section with the orthogonality and
completeness expressionZ
d2nˆsYl1m1ðnˆÞsYl2m2ðnˆÞ ¼ δKl1l2δKm1m2 ; ðC15ÞX
lm
sYlmðθ1;φ1ÞsYlmðθ2;φ2Þ ¼ δDðφ1 − φ2ÞδDðθ1 − θ2Þ;
ðC16Þ








where I s1s2s3l1l2l2 has already been defined in Eq. (137).
APPENDIX D: PROPERTIES OF ϒ½#abc
This section is devoted to compute and prove some
subtle cancellations of the bispectrum building blocks ϒ
which are already mentioned and briefly discussed in
Sec. IV C.
1. Proof that ϒ½1abc ∝ δKl10
Let us start with ϒ½1abc defined in Eq. (77). For i ¼ 2, 3
of Eq. (44) and i ¼ 1, 2, 4, 5 of Eq. (48), we have
Mað2Þ
l1m1lp1mp1lq1mq1l¯1m¯1





−m1mp1mq1 ×    :
Using δK
l¯10



































































¼ ð2lp1 þ 1ÞδKl10;
where Ccγaαbβ are the ClebschGordan coefficients which are related to Wigner 3-j symbols in the following
way:









Here we consider only l1 > 0, then we can discard ϒ½1abc for all the terms considered.
Instead, for i ¼ 1 of Eq. (44) and i ¼ 3 of Eq. (48),Mað2Þ
lmlpmplqmql¯ m¯















































Taking into account the above relation and Mað2Þ
lmlpmplqmql¯ m¯




















2. Proof that ϒ½2abc =ϒ½3abc










þ ϒ½3abcl1m1l2m2l3m3ðk1; k2; k3Þ ðD6Þ
whereϒ½jabcl1m1l2m2l3m3 , for j ¼ 1, 2, 3, are the bispectrum building blocks and contain all of the information on the bispectrum
in redshift space. Explicitly, we have







































































Here below we prove that ϒ½2abcl1m1l2m2l3m3ðk1; k2; k3Þ ¼ ϒ
½3abc
l1m1l2m2l3m3





ðk; q; pÞ: ðD10Þ


































































For the terms considered in this work,Mað2Þ
lmlpmplqmql¯ m¯
does not depend on the sign of m¯1 and we can redefine m¯1 as −m¯1.
This concludes the proof.
3. Proof of isotropy of Eq. (72)









13Here ð−1Þ−mi ¼ ð−1Þmi because all mi are integers.





































































g is the definition of the Wigner 6j symbols. Due to the properties of the Gaunt integrals we note that
l1 þ l2 þ l3 is even. Then we can recast Eq. (78) as







































Taking into account that ϒ½2abc ¼ ϒ½3abc and using the same prescription for all additive terms in Eq. (72) we obtain, at









Bl1l2l3ðk1; k2; k3Þ: ðD14Þ
APPENDIX E: TRANSFER FUNCTIONS
AT FIRST AND SECOND ORDER
1. Transfer functions at first order
At background level,











ρ¯0m ¼ −3Hρ¯m; ðE3Þ
where Ωm0 ¼ 8πρ¯m 0=3H20, ΩΛ0 ¼ 1 −Ωm0 and we set










where Ωm ¼ 8πρ¯m 0=3a2H2 ¼ a−3Ωm0 or, equivalently,
aH2Ωm ¼ H20Ωm0, and, at the first perturbative order,
for k < keq, where keq ¼ 0.073 Mpc−1Ωm0h2, for our aims
the relevant equations are
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Φ00 þ 3HΦ0 þ ð2H0 þH2ÞΦ ¼ 0; ðE4Þ




v0 þHvþΦ ¼ 0; ðE6Þ





Defining Φðk; ηÞ ¼ DðηÞΦ0ðkÞ=a where Dðη0Þ ¼ 1, and
Φ0ðkÞ ¼ Φðk; η0Þ, and combining Eqs. (E4) and (E7) we







mCS ¼ 0 or; equivalently;
D00 þHD0 − 3
2a
H20Ωm0D ¼ 0: ðE8Þ
Here selecting only DðηÞ the growth mode we find
δð1ÞmCS ¼ Dδð1ÞmCS0, and defining the growth factor f ¼





H2D ¼ const ðE9Þ
and we can write
















where we use the subscripts in as generic time during the
EdS period (for example during the recombination epoch),
i.e. when Ωm in ¼ 1; Din ∝ ain; fin ¼ 1. Solving directly



















From Eq. (E5), for the velocity potential we have
v ¼ − 2
3HΩm
fΦ ðE12Þ










In order to compute all T i, we also need the expression





δð1Þm ¼ ð∇2 − 3fH2ÞΦ ðE14Þ
and the comoving curvature perturbation at first order:





where w is the total equation state which for η≳ ηrec can be
written as w ¼ Ωm − 1 in ΛCDM model and we can write







For completeness let us also write explicitly linear metric
perturbations quantities in SC gauge with ζ. From
[70,98,99]
−ζðxÞ ¼ ψ ð1Þ þ 1
6
∇2χð1Þ and
χð1Þ ¼ 2ðf þ 3
2
ΩmÞH2
ζ ¼ − 4
3ΩmH2
Φ or






∇2ζ þ ζ: ðE16Þ
Finally, for scales k > keq, we have to consider the
evolution of the perturbation modes that enter the horizon
before and around the epoch of matter-radiation equality,
i.e. theMeszaros effect.14 At linear order and for η≳ ηrec, it
is possible to implement these scales analytically by using
the transfer function TmðkÞ defined by Eisenstein and Hu
[150] (or BBKS by [118]), i.e.

















where ΦpðkÞ ¼ −2ζðkÞ=3. Here ζðkÞ is the primordial
curvature perturbation set at the inflation epoch.
In conclusion, we find





























14Note that for η < ηrec and k≳ keq is not valid Eq. (E15); for
example see [122].
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DðηÞðk2 þ 3fH2ÞTmðkÞ; ðE23Þ



























½∂b10ðk;η;L¯Þ∂ ln L¯ k2 −
∂b∇2δðk;η;L¯Þ∂ ln L¯ k












2. Transfer functions at second order
In this subsection we give some examples in which we provide a prescription to compute kernels at second order
Fbð2Þ
l¯
ðp; q; ηÞ, starting from numerical or analytical results found in literature.
a. Large scales, i.e. for p;q < keq
Here below, as an illustrative example, we will write explicitly all kernels Fbð2Þ
l¯
ðp; q; ηÞ. In particular, we will use the
analytical results obtained in Refs. [98,99,101,151].























































































































































Here F is the solution of the following differential equation:
15In [71,101,151] Ψ0 is equal to our definition Ξ0.
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To the aim of computing the halo density contrast to second order the CS gauge second-order density contrast will have to
be multiplied by the linear bias term. As widely discussed in the recent literature, however (see [64,132,133]), this
procedure makes unavoidable the use of some sort of “peak background” or “short-long” splitting, where local coordinates
are defined within a patch whose size is much larger than the typical halo Lagrangian radius but much smaller than the
distance over which correlations are computed; as a consequence of this short-long splitting, inherent in the halo bias
approach, the −5=3 additive term in the first line of the above expression, which would act as a local fNL-like contribution,
can be removed (in the strict squeezed limit) by a local (i.e. within the patch) coordinate transformation, yielding the
effective expression































which can be used in connection with halo bias calculations, up to negligible corrections of order ðλS=λLÞ2, with λS and λL
typical scales much smaller and much larger than the patch size, respectively.
Transforming to Fourier space Eqs. (E26), (E27), (E28), (E31), and applying Eqs. (84) and (E17) we find the following
kernels:






































































































































where (see also [151]),
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½1 − ðpˆ · qˆÞ2: ðE37Þ
Finally, from Eq. (259) we have













































































pqðpˆ · qˆÞ − bs2
3
þ bs2ðpˆ · qˆÞ2


























p3q3ðpˆ · qˆÞ − 4f
9H3Ω2m




















F∇2δmCSð2Þðp;q; ~k; ηÞ ¼ −~k2FδmCSð2Þðp;q; ~k; ηÞ: ðE39Þ
Now, using Eq. (86) we can rewrite the above relations in the following way:




























































































































































l ðp; q; ηÞ ¼ b10FδmCSð2Þl ðp; q; ηÞ − ðbe − 3ÞHFvð2Þl ðp; q; ηÞ þ b∇2δF∇
2δmCSð2Þ























































































































In order to write explicitly F∇
2δmCSð2Þ
l ðp; q; ηÞ; FΘl ðp; qÞ & FΞlðp; qÞ, let us consider the following relations (see also [151]):








































where ~k2 ¼ p2 þ q2 þ 2pqðpˆ · qˆÞ. Then we can recast Eqs. (E36), (E37) and (E39) as




















































































































and consequently we find










































































































































































ðp2 þ q2 þ 2pqxÞn=2 :
In Appendix F we will compute ~Falðp; q; ~k; ηÞ. With this new approach we will not need to compute σ2lðp; qÞ.
b. Prescription for SONG
SONG16 is an open-source second-order Boltzmann code which includes all the effects of metric, CDM, baryons,
photons and neutrinos; see e.g. Ref. [112]. From this code one can compute all possible kernels in Fourier space from the
radiation era, both at large and small scales; the addition of the non-Gaussianity parameter fNL is straightforward following
our prescription.







3δDðpþ q − kÞKfð2ÞSONGðp;q; k; ηÞδð1Þm ðp; ηÞδð1Þm ðq; ηÞ; ðE51Þ
where fð2Þ ¼ fΦð2;Ψð2Þ; vð2Þ; δð2Þm g, we can quickly correlate Kbð2Þ with Fbð2Þ in the following way:




T Φðq; ηÞ : ðE52Þ
Now, for simplicity, setting be ¼ 0, δð2ÞgCS → δð2ÞmCS, δð2Þg → δð2Þm and δg → δð1Þm , from Eq. (257) we can immediately obtain
the gauge transformation
δð2ÞmCS ¼ δð2Þm þ ∂iχð1Þ∂iδð1ÞmCS − 3Hvð2Þ − 3ð3H2 −H0Þv2 − 6Hvδð1ÞmCS þ 3Hvv0 þ 2vδð1ÞmCS0
− 3H∇−2ðv∇2v0 − v0∇2v − 6∂iΦ∂iv − 6Φ∇2vÞ: ðE53Þ
Then we obtain




ðp · qÞ½T χðp; ηÞT vðq; ηÞ þ T χðq; ηÞT vðp; ηÞ − 3ð3H2 −H0ÞT vðq; ηÞT vðp; ηÞ
þ ðf − 3ÞH½T δmCSðp; ηÞT vðq; ηÞ þ T δmCSðq; ηÞT vðp; ηÞ
þ 3
2






½T vðp; ηÞT vðq; ηÞ0 − T vðp; ηÞ0T vðq; ηÞ
þ 9Hp · q
k2
½T Φðp; ηÞT vðq; ηÞ þ T Φðq; ηÞT vðp; ηÞ
þ 9H
k2
½q2T Φðp; ηÞT vðq; ηÞ þ p2T Φðq; ηÞT vðp; ηÞ: ðE54Þ




ðk; p;qÞ FOR EQS. (45) AND (51): DIFFERENT METHOD
Here below we present a different way to computeMað2Þ
lmlpmplqmql¯ m¯
ðk;p; qÞ for Eqs (45) and (51). Finally, using this new
approach, in Sec. F 3 we will rewrite the second-order kernel at large scales.
16https://github.com/coccoinomane/song.
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1. Eq. (45)











3δDðpþ q − ~kÞ 1
2
Fbð2Þðp;q; ~k; ηÞT Φðp; ηÞT Φðq; ηÞΦpðpÞΦpðqÞei ~kx: ðF1Þ
Then, if we do not apply immediately the δDðpþ q − ~kÞ constraint on Fbð2Þðp;q; ~k; ηÞ, ~k does not depend on p, q and
cosðθp qÞ, and the second-order kernels can be expanded as
1
2
























ð4πÞ3ð−1Þlpþlqþmpþmq ilpþlqþ ~lJ lplq ~lðp;q; ~kÞG
lplq ~l
−mp−mq ~mYlpmpðpˆÞYlqmqðqˆÞY~l ~mð ~ˆkÞ; ðF3Þ
where




d~χ ~χ2jlpðp~χÞjlqðq~χÞj ~lð~k ~χÞ;





















ðp; q; ~k; ηÞT Φðp; ηÞT Φðq; ηÞj ~lð~k χ¯ÞJ lplq ~lðp; q; ~kÞ

× Y l¯ m¯ðpˆÞYlpmpðpˆÞY ¯l m¯ðqˆÞYlqmqðqˆÞΦpðpÞΦpðqÞ ðF4Þ
and finally we find
Mα½bð2Þ
lmlpmplqmql¯ m¯





















ðp; q; ~k; ηÞT Φðp; ηÞT Φðq; ηÞjlð~k χ¯Þ


J lplqlðp; q; ~kÞjlðkχ¯Þ: ðF5Þ
























































































ðp; q; ~k; ηÞT Φðp; ηÞT Φðq; ηÞ



























ðp; q; ~k; ηÞ ∂∂χ¯ ½jlð~k χ¯Þjlðkχ¯ÞJ lplqlðp; q; ~kÞT

















ðp; q; ~k; ηÞ ∂
2
∂χ¯2 ½jlð~k χ¯ÞJ lplqlðp; q; ~kÞjlðkχ¯ÞT
Φðp; ηÞT Φðq; ηÞ: ðF11Þ
2. Eq. (51)
Starting from Eq. (183), [i.e. considering only the first two additive terms of Eq. (51)] and using Eq. (F4) with
b ¼ Φð2Þ þ Ψð2Þ we find immediately
Mαð2Þ
lmlpmplqmql¯ m¯




























T Φðp; ~ηÞT Φðq; ~ηÞjlð~k ~χÞ



























ðp; q; ~k; ~ηÞ


T Φðp; ~ηÞT Φðq; ~ηÞJ lplqlðp; q; ~kÞjlð~k ~χÞjlðkχ¯Þ;
ðF13Þ
and



































ðp; q; ~k; ~ηÞ


T Φðp; ~ηÞT Φðq; ~ηÞ

× J lplqlðp; q; ~kÞjlð~k ~χÞjlðkχ¯Þ: ðF14Þ
Finally, for the last two additive terms of Eq. (51), Eq. (186) becomes
1
2












































ðp; q; ~k; ~ηÞ


× T Φðp; ~ηÞT Φðq; ~ηÞJ lplq ~lðp; q; ~kÞj ~lð~k ~χÞ

× YlpmpðpˆÞY l¯ m¯ðpˆÞYlqmqðqˆÞY ¯l m¯ðqˆÞΦpðpÞΦpðqÞ ðF15Þ





























ðp; q; ~k; ~ηÞ


J lplqlðp; q; ~kÞjlð~k ~χÞ





Now, using the results in Sec. E 2 a, we obtain immediately











































~FΞlðp; q; ~kÞ; ðF17Þ







































~FΞlðp; q; ~kÞ; ðF18Þ





























~FΞlðp; q; ~kÞ; ðF19Þ
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l ðp; q; ~k; ηÞ ¼ −~k2 ~FδmCSð2Þl ðp; q; ~k; ηÞ; ðF21Þ
~F
δgð2Þ
l ðp; q; ~k; ηÞ ¼ b10 ~FδmCSð2Þl ðp; q; ~k; ηÞ − ðbe − 3ÞH ~Fvð2Þl ðp; q; ~k; ηÞ þ b∇2δ ~F∇
2δmCSð2Þ



































































































































Finally for ~FΘl ðp; q; ~kÞ & ~FΞlðp; q; ~kÞ we find
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